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Abstract

conclusions.

This work compares the performance of three optimal controllers on a toy helicopter: (i) model predictive control, (ii) linear quadratic optimal control combined with a state estimator, and (iii) optimal linear
quadratic output control. These three schemes obtained significantly improved results over that achievable using classical control algorithms.
Keywords: Optimal output control, PLQ, LQG,
model predictive control, helicopter

1 Introduction

Figure 1: The bench-scale 2DOF helicopter with joystick.

The multivariable toy helicopter from Humusoft, CZ
shown Fig. 1 makes for an impressive, visually arresting, control demonstration, [1]. Developing optimal
controllers for the open-loop unstable plant, that offer
convincingly superior performance to classical control
algorithms when implemented on actual non-trivial
hardware is something that does not receive the due
attention it perhaps should.

2 The helicopter and classical control
The helicopter in Fig. 1 has two degrees of freedom,
(elevation, azimuth), and three inputs (main and side
rotors, and a moveable counter weight) and is intended
for education in automatic control, [1]. A detailed
explanation of one particular optimal control strategy has been previously reported in [5, 6]. This nonsquare multi-input/multi-output bench-scale apparatus is challenging to control because of the fast nonlinear dynamics, severe stiction in the bearings, the
stochastic nature of the disturbances and the strong interactions in the plant which exhibits both stable and
unstable modes. Fig. 2 illustrates the multiple equilibria in the elevation dynamics; below the horizontal the
plant is stable, above, unstable.

This paper compares the application of three different types of popular optimal controllers on the helicopter. These are: (i) model predictive control (MPC)
[2], (ii) linear quadratic optimal control combined with
a state estimator, and (iii) optimal linear quadratic
output control, [3, 4]. These three schemes were applied to an actual bench-scale helicopter to obtain significantly improved results over that achievable using
classical control algorithms.
The material in the paper is organised as follows. Section 2 describes the helicopter, highlights the problems using classical control algorithms, and describes
a semi-physical dynamic model of the helicopter suitable for control. Section 3 outlines the three optimal
control schemes compared in this study: Model Predictive Control (MPC), Linear Quadratic Control with
state estimation (LQG), and optimal output control.
Section 4 compares the performance of the various optimal control scheme and section 5 finishes with some
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Classical control such as two PID controllers suffer due
to the strong nonlinearities evident from the openloop
responses in Fig. 2, and from the obvious coupling between the elevation and azimuth dynamics. Fig. 3
shows a typical response when using two PID controllers at a sampling time of ∆t = 5ms. The derivative
term, necessary to stabilise the oscillations, is evident
in the excessive movement of the controller input.
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was developed in [6] which also details the identification of the 23 plant parameters when the counter
weight is at 100% full scale. The two outputs are
the axis rotations θ1 and θ2 and a Kalman filter was
used to reconstruct θ̇1 , θ̇2 , ω1 , ω2 needed for full state
feedback. The 95% settling time for the elevation dynamics is around 3–6s indicating a suitable sampling
time of 0.05s. In the following, the nominal plant is
when the counter weight is at 100% full scale, while
the model/plant mismatch case is when the counter
weight is moved aft to 75% full scale.
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Figure 2: Various openloop step changes in elevation.
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3 Three optimal control schemes
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3.1 Model predictive control
Model Predictive Control (MPC) refers to a family of
controllers that use a model to compute an input trajectory in order to optimize the future behaviour of
the plant, [2, 7, 8]. The optimization is repeated each
sample, as only the first future manipulated variable
adjustment is actually implemented on the plant. Linearising Equations (1)–(4) about the current operating
point with a differenced input gives
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Figure 3: Closed-loop response of the helicopter using 2
PID controllers with a ∆t = 5ms.

x(k + 1) = Ax(k) + B∆u(k)
y(k) = Cx(k)

(5)
(6)

The control law finds the next Nc input moves over
a longer prediction horizon, Np in order to minimise
a weighted sum of output deviations from a desired
trajectory, r, and input trajectory. For a linear plant,
the analytical solution

2.1 Helicopter model
The improved performance of optimal controllers are a
direct consequence of the dynamic model. Four states
are needed to model the position and velocity of the
body in the two axes,(θ1 , θ̇1 , θ2 , θ̇2 ), and two further
states, (ω1 , ω2 ), are needed to model the two motor dynamics giving a total of six, coupled, highly-nonlinear

∆u = HT H + Λ

−1

HT (r − yf )

(7)

gives the control moves as a function of future setpoints, the free response of the plant, y f and the block
Hankel matrix H which in turn is composed of the

2

in Fig. 5 since using the wildly varying gain K∞ lead
to an overexcited unstable controller.

linear plant model matrices. As the current state appears implicitly in the term yf in Equation (7), a state
observer is needed to complete the control algorithm.
The state observer, such as a Kalman Filter, provides
direct feedback into the control law, which is different
from the somewhat ad-hoc solution used by the DMC,
[9], algorithm. Note that it was found necessary to
integrate the full nonlinear model as proposed by [10]
to compute the free response as integrating the linear
model proved unstable.
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3.1.1 MPC performance: Fig. 4 shows a
typical servo response using an MPC controller with
future knowledge of the setpoint changes (acausal) and
with the counter weight in the nominal position. The
choice of the prediction Np = 80, and control Nc = 30
horizons were obtained from prior tests.
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Figure 5: Variations in the 8 elements of the steady-state
controller gain K∞ due to plant nonlinearities
and (lower) elevation trajectory.
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If instead of computing the steady-state solution to the
Riccati equation, P∞ , every time the model is updated
(which in practice is every sample time), only one iteration of
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is performed. While suboptimal, this modification improves the robustness of the LQ controller. Still more
suboptimal is to base the model re-linearisation on the
setpoint as opposed to the current state. Since the setpoint changes far less frequently than the actual states,
and that the dominant nonlinearity is the elevation, the
result is that the gain follows that in Fig. 5 but without the destabilising spikes. This further improves the
controlled performance.
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Figure 4: Acausal MPC controlled response with Np =
80, Nc = 30. (Compare with Fig. 3.)

3.2 LQR and state estimation
The standard LQ controller was augmented with integral states to provide servo following behaviour, [11].
A full six-state extended Kalman estimator was implemented despite the fact that two of the states,
θ1 , θ2 , are measured directly. This provides some extra
smoothing which is important given that the measured
data is highly corrupted with noise. The matrix Riccati equations are solved iteratively, which while inefficient, has the advantage that the computations can be
truncated if necessary but still deliver a near-optimal
solution.

3.2.1 LQG performance: Fig. 6 shows a typical servo response from the LQG controller updating
K∞ based on the model linearised about the setpoint.
The controller could manage 600 iterations of the Riccati equation at a sample time of 50ms, although in
practice never more than 200 were required.
One of the main drawbacks to optimal control design
in state-space is the lack of guidelines that specifically
address model robustness. It is clear that the poor
performance at higher elevation levels in Fig. 6 is due
somehow to a deficient model. This is evident from the
trajectories of the adapting ‘catch-all’ gains that vary
primarily as a function of elevation angle in the MPC
implementation (not shown in Fig. 4). If the model
was perfect, the gains would remain at 1. The MPC
can cope with this by clever use of adaption, but our

At higher elevation levels, the extreme nonlinearities
in helicopter become evident in the widely varying elements of the P∞ matrix and subsequent controller
gains, K∞ as shown in Fig. 5. It is interesting to note
that an MPC controller was necessary to close the loop
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to choose an initial stabilising gain F0 and then iterate around Equations 11–13 until convergence. However [12] caution that the convergence properties of this
coupled equation system are not well understood and
the solution is comparatively computationally expensive although our tests indicate that under 10 outer iterations usually suffice. Modifications to improve convergence have been proposed by various authors, see
e.g. [4].
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The structure of the PLQ with servo properties is given
in Fig. 7 following that suggested in [3, §8.2]. To ease
the online computation requirement, (which is an order
of magnitude more than in the LQG case), the optimal gain F was pre-computed offline using the descent
Anderson-Moore method, [12], in a 12-position lookup
table using the elevation setpoint as the scheduling
variable. The gain K1 was numerically optimised offline using the plant model from section 2.1 in the upper (unstable) elevation position.
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Figure 6: LQG controlled response.

(Compare with

Fig. 4.)
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implementation of the optimal controller did not use
it.

F 

3.3 Optimal output control
Optimal output control (refer [3, Chapt 8] or what is
sometimes known as parametric LQ control (PLQ),
[12] is the control problem to find optimal constant
feedback gains, F, to minimise
N −1

1 X
x(k)T Qx(k) + u(k)T Ru(k)
N →∞ N

lim



Figure 7: Structure of the PLQ controller

(8)

3.3.1 Output optimal control performance:
Fig. 8 shows that while the elevation response at angles below the horizontal is adequate, in the unstable
region, it is barely stable despite the fact that the servo
gain was tuned for this region. Disappointingly, the azimuth control is also poor, although a redesign of the
servo filter perhaps using only PD rather than incorporating an integral term may solve this problem.

subject to a linear stochastic plant model,
yk = Cxk + vk

(9)

using output feedback,
uk = Fyk

regulatory loop

servo loop

k=0

xk+1 = Axk + Buk + wk ,

y-

(10)

Introducing the stationary state covariance matrix P
as the solution to the discrete Lyapunov equation

4 Performance comparison

T

P = (A + BFC) P (A + BFC) + Rw + BFRv FT BT
(11)
and similarly the symmetric positive definite S as the
solution to

A comparison of the controllers performance in terms
of the integral of the absolute error (IAE) is given in
Table 1 for both setpoint following, as shown in Figs 4
and 6, and disturbance rejection where the weight was
pulsed by ±10% at times t = 125 and t = 245 as shown
in Fig. 9. In the case of MPC, there is the possibility to
use knowledge of future setpoint changes. This acausal
modification has the potential to improve the performance of the servo response. The values presented in
Table 1 are normalised by the acausal MPC case for the
plant with the counter-weight in the nominal position.

T

S = (A + BFC) S (A + BFC) + Q + CT FT RFC
(12)
then the optimum gain is given by

−1

−1
F = − BT SB + R
BT SAPCT CPCT + Rv
(13)
where Rv , Rw are the covariances of the measurement
and state noise respectively. One way to compute F is

Clearly from comparing Figs 4 and 6, MPC outperforms LQG. The variance is similar in both cases in
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5 Conclusions
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Three very different optimal control methodologies
were applied to a strongly-interacting, high-speed,
nonlinear, unstable bench-scale helicopter. The application is non-trivial due to the need for frequent
model re-linearisation, the demand for relatively short
sampling times combined with substantial controller
computation, and significant random disturbances.
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The controlled response both to commands and to disturbances, introduced primarily by air turbulence, is
superior to that using PID controllers. MPC outperformed the other, linear based optimal controllers, although it has substantial inter-sample computation demands and by far the largest memory requirements.
LQG based on a model linearised every sample time
proved satisfactory below the horizontal, but above,
the instability of the open loop plant, combined with
an increasing model/plant mismatch proved too much.
One solution was to schedule the optimum gain based
on the elevation angle. While sub-optimal, this proved
sufficiently robust.
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Figure 8: PLQ controlled response

The optimal output based controller (PLQ) with
servo-following capability avoided crashing, although
it would be disingenuous to suggest that at present
it be a serious candidate for any industrial application. However the response at low elevation angles
is good, and there is promise that the poor azimuth
performance could be addressed using a more careful
controller design.
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[12] Pertti M. Mäkilä and Hannu T. Toivonen. Computational Methods for Parametric LQ Problems
– A Survey. IEEE transactions on Automatic
Control, AC-32(8):658–671, 1987.

[9] C. R. Cutler and B.L. Ramaker. Dynamic Matrix
Control — A Computer Control Algorithm. In
Proc. 1980 Joint automatic Control Conference,

6

