This article appeared in a journal published by Elsevier. The attached
copy is furnished to the author for internal non-commercial research
and education use, including for instruction at the authors institution
and sharing with colleagues.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.
In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information
regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:
http://www.elsevier.com/copyright

Author's personal copy
Journal of Process Control 20 (2010) 1235–1242

Contents lists available at ScienceDirect

Journal of Process Control
journal homepage: www.elsevier.com/locate/jprocont

Control performance assessment for nonlinear systems
W. Yu a,∗ , D.I. Wilson b , B.R. Young c
a

Industrial Information & Control Centre, The University of Auckland, Auckland, New Zealand
Electrical & Electronic Engineering, Auckland University of Technology, Auckland, New Zealand
c
Department of Chemical & Materials Engineering, The University of Auckland, Auckland, New Zealand
b

a r t i c l e

i n f o

Article history:
Received 22 June 2010
Received in revised form 24 August 2010
Accepted 3 September 2010

Keywords:
Control performance assessment
Nonlinear systems
ANOVA-like variance decomposition

a b s t r a c t
Assessing the quality of existing industrial control loops, or comparing between two alternative controller
designs is becoming an important routine auditing task for the control engineer. While most of the
research and commercial activity in CPA has been applied to linear systems to date, those researchers
investigating nonlinear systems fall into one of two groups. The ﬁrst group focussed on the diagnosis of
a common speciﬁc nonlinearity, namely valve stiction [1–3], while the second group tried to establish
the minimum variance performance lower bound (MVPLB) [4–8]. In this paper we will propose a new
CPA performance index for general nonlinear models based on an ANOVA-like variance decomposition
method. The results of two simulation examples illustrate that the proposed methodology is efﬁcient and
accurate.
© 2010 Elsevier Ltd. All rights reserved.

1. Introduction
On a recent site visit to a major dairy processing plant, we found
over 500 control loops were under the maintenance supervision of
a single instrument engineer. At that ratio, which from anecdotal
evidence is by no means unusual in the industry, a realistic period
between loop inspections is in the order of years. Consequently it is
not surprising that engineers are overwhelmed by the sheer number of loops that need attention on any typical industrial processing
plant as noted by control audits [9,10].
Control performance assessment, or CPA, is a technology to
diagnose and maintain operational efﬁciency of control systems developed in a direct response to address this increasingly
important economic problem. CPA is routinely applied in the reﬁning, petrochemicals, pulp and paper and the mineral processing
industry as noted by [11–14], although these and many related
publications, are primarily restricted to linear systems.
In practice, industrial control loops invariably include nonlinearites from the control valve, the measurement, or the process
itself. The estimates of the minimum variance performance lower
bound (MVPLB) and the performance index using the linear CPA
techniques may be distorted by these nonlinearities. For example,
for a dynamic linear system with an additive linear disturbance,
if this system has a valve stiction problem, it is shown that the
estimates of the performance index using linear CPA techniques
will provide over-estimation [8]. To deal with this situation, recent
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research has proposed several methods to extend CPA into nonlinear systems [6–8].
In the case of nonlinear systems, [4] superimpose a nonlinear dynamic model to an additive linear or partially nonlinear
disturbance. It is shown that a minimum variance feedback invariant exists for a class of nonlinear models and the MVPLB can be
estimated from routine operating data. Continuing this idea, estimations of the MVPLBs for the moderate valve stiction cases are
proposed by [6–8]. These applications are based on one general
nonlinear structure: nonlinearity in the dynamics or nonlinearity
caused by a static nonlinearity from manipulated variables plus an
additive disturbance which is in form of an ARMA model.
In this paper, we will propose a new performance index which
can be used for general single-input single-output (SISO) nonlinear systems. While for linear systems, the MVPLB can be estimated
through the impulse response functions (IRF) since there is a direct
relationship between the impulse response and the variance, this is
not true for nonlinear systems. The general form of the MVPLB for
nonlinear systems may be very complex and numerically difﬁcult
to estimate.
Conversely the performance index proposed in this work is
based on an ANOVA-like variance decomposition method. Historically the ANOVA-like variance decomposition method was used
to provide variance analysis for nonlinear systems with the multidisturbance sources [15]. However instead of different disturbance
sources, the ANOVA-like variance decomposition will be used in
this paper with respect to the time horizon for the SISO nonlinear
system with one disturbance.
The layout of the paper is as follows. In Section 2, a general
class of nonlinear model, the NARMAX model, is introduced for
the study of CPA. Section 3 provides the new performance index
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and the ANOVA-like variance decomposition method. Section 4
outlines a numerical Monte Carlo method used to estimate this
performance index. In Section 5, two simulations are used to illustrate the proposed methodology. This is followed by a discussion
and conclusions highlighting both the limitations and potential of
the proposed methods.

where yt is the deviation of the process variable from its setpoint,
ut is the manipulated variable, b is the number of whole periods
of process delay, and ω(q−1 ) and ı(q−1 ) are polynomials in the
backward shift operator q−1 . The disturbance dt is usually represented by the Autoregressive-Integrated-Moving-Average (ARIMA)
models [27,28] as,

2. Process description

dt =

Stochastic nonlinear dynamic systems are difﬁcult to identify
both because of the paucity of accurate mechanistic models and
the fact that full state variables are rarely available. Therefore when
one is forced to use only external data [16–21], then the ﬂexibility of nonlinear autoregressive moving average with exogenous
input (NARMAX) models proposed by [19,20] are attractive. NARMAX models also provide a uniﬁed representation for a wide class
of discrete time nonlinear dynamic/stochastic systems suitable for
the types of processes found in industry in CPA applications. Consequently, in this paper, the general SISO discrete nonlinear system
will be represented by a NARMAX model
∗
yt = f (yt−1
, u∗t−b )

(1)

where yt is the deterministic output of the system in response
to the inputs, ut . The integer b represents the number of whole
periods of delay in the system and is the number of sampling intervals that elapse between making a change in the process input
and ﬁrst observing its effect. The superscript ∗ is used to represent the vector collecting the immediate historical values, i.e.
def

(q−1 )
(q−1 )∇ d

at = (q−1 ) at

(5)

where the at ’s are a sequence of independently and identically
distributed (iid) random variables with mean zero and constant
def

variance a2 . The difference operator is deﬁned as ∇ = (1 − q−1 ). We
assume that all the polynomials are assumed to be stable and ı, 
and  are monic.
The minimum variance control ﬁrst derived by [26,27] is a
feedback controller which achieves minimum output variance. To
derive the minimum variance controller, we need to know the bstep ahead minimum-mean-square-error forecast for the yt+b ,
yt+b =

ω(q−1 )
ω(q−1 )
ut + dt+b =
ut + dt+b|t + et+b|t = yt+b|t + et+b|t
−1
ı(q )
ı(q−1 )
(6)

where dt+b|t and yt+b|t are the b-step ahead minimum-mean-squareerror forecast for the disturbance and yt+b , respectively and the
prediction error, et+b|t , is a moving average process of order b − 1
as
−1
1q

−(b−1)
) at+b
b−1 q

∗
yt−1
= (yt−1 , · · · , yt−nz ).
Given that the relation f( · ) is often complex, one typically
approximates the nonlinearity with a simpler generic function,
often polynomials consisting of summations of terms involving
yt−i , yt−i yt−j , . . ., ut−b−i , ut−b−i ut−b−j , . . ., and cross terms yt−i ut−b−j ,
. . .. The ﬂexible and popular Hammerstein and Wiener systems are
included in this framework [22,23].
In this work, we are also interested in systems affected by disturbances. The most elementary representation is

et+b|t = (1 +

∗
yt = f2 (yt−1
, u∗t−b ) + at

from which it is evident that the process output under minimum
MV , will depend on only the most recent b past
variance control yt+b
disturbances, i.e.,

(2)

where at is white noise with zero mean and constant variance a2 .
Eq. (2) provides the simplest stochastic nonlinear system since
only additive uncorrelated noise is considered. In reality, the disturbance might include autoregressive and moving average terms
or cross-products between the disturbance and the inputs and outputs. The most general form of the nonlinear stochastic system is
the NARMAX model,
∗
yt = f3 (yt−1
, u∗t−b , a∗t )

(3)

3.1. Existing performance indices for linear systems
The performance index proposed for SISO linear systems in
[24,25] was based on the concept of minimum variance control
[26,27]. This performance index was deﬁned as the ratio of the best
achievable variance to the variance of the controlled variable under
assessment. What made this concept useful was the insight of [24]
which showed that these performance indices can be estimated
directly from the routing operating data by ﬁtting the controlled
variable into a ARIMA time series model.
Many important industrial processes can be represented by a
linear transfer function with an additive disturbance
ω(q−1 ) −b
q ut + dt
ı(q−1 )

(4)

(7)

where the weights are identical with the ﬁrst b impulse coefﬁcients of the disturbance transfer function in (5).
The control signal which results in the minimum achievable
variance in the output can be obtained by solving
ω(q−1 )
ut + dt+b|t = 0
ı(q−1 )

(8)

MV
yt+b
= et+b|t

(9)

The key observation is no matter which feedback controller is
used, as long as closed-loop stability is preserved, the prediction error, et+b|t is unaffected. The minimum variance performance
lower bound (MVPLB), as measured in the mean square sense, can
be written as
2
MV
MV
= var{yt+b
} = (1 +

3. Alternative performance indices for nonlinear systems

yt =

+ ··· +

2
1

+ ... +

2
) a2
b−1

(10)

The most attractive feature of CPA using minimum variance control as a benchmark is that the performance lower bounds can be
estimated by using only routine closed-loop operating data with a
priori knowledge of time delay [24]. The performance index, often
termed the Harris Index, , is deﬁned as
=

2
MV

y2

(11)

where 0 <  < 1, y2 is the actual operating variance of the controlled
2
variable under assessment, and MV
is the theoretical minimum
variance lower bound. A performance index closes to 0 implies that
there is a high potential for reducing the output variance by retuning the existing controller or implementing an improved control
algorithm.
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3.2. MVPLB-based performance indices for nonlinear systems

where

The MVLPB-based performance index reviewed in Section 3.1
designed for linear systems can be extended to a class of nonlinear
systems which includes a nonlinear dynamic model and an additive
linear or partially nonlinear disturbance as proposed in [4]. There it
was shown that a minimum variance feedback invariant still exists
meaning that the MVPLB can be also estimated from routine operating data. Continuing this idea of a MVPLB-based index, estimations
of the MVPLBs for the moderate valve stiction cases are proposed
by [6–8].
However there are signiﬁcant theoretical difﬁculties in extending the MVPLB-based index to general nonlinearities such as
NARMAX models. Quite apart from the fact that the MVPLB may
be very difﬁcult to estimate or even not exist, idea of variance
decomposition using the impulse response function and the concept of feedback invariance is not necessarily valid for nonlinear
systems. To illustrate these problems let us try to develop the
MVPLB for the NARMA models in Eq. (3). With a feedback controller,
ut = g(yt , · · · , yt−ny ), the closed-loop of the system in Eq. (3) can be
written as,
yt = f4 (yt−1 , · · · , yt−ny , at , · · · , at−na )

(12)

Using the concept of MVPLB, we are interested in yt+b and its prediction yt+b|t . yt+b|t = E{yt+b|t } is the optimal predictor that minimizes
the variance of the b-step ahead prediction error. It is also known
as the conditional mean, and is obtained by taking the expectation
of future values of yt+b , b > 0, using available information up to and
including time t.
Associated with the predictor, are the prediction errors,
et+b|t = yt+b − yt+b|t = f4 (yt+b−1 , · · · , yt+b−ny , at+b , · · · , at−na )
− E{f4 (yt+b−1 , · · · , yt+b−ny , at+b , · · · , at−na )|t}

(13)

where the variance of the prediction error is,
2
e2 (b) = E{et+b|t
}

(14)

if the process is stationary, then limb→∞ e2 (b) is equal to the variance of y, V(y) [29].
It is clear that in general the b-step ahead prediction error et+b|t
not only depends on the disturbance at+b−i , i = 0, 1, · · · , b − 1 but also
the past output values yt−i , i = 1, 2, . . . and the past disturbances
at−i , i = 0, 1, . . .. So the variance of et+b|t is not the minimum variance performance lower bound for the general case. Furthermore,
the interpretation of the variance of et+b|t becomes more difﬁcult
given the complexity of the nonlinear systems, so we need another
method which can provide us the explicit variance decomposition
for the complex nonlinear systems. For this reason we propose an
ANOVA-like variance decomposition method to provide the new
performance index.

For the output of a static system considered represented as an
analytic function of p input variables, e.g., Y = f(X1 , X2 , · · · , Xp ), the
relative importance of the independent inputs can be quantiﬁed by
the fractional variance which is deﬁned as the fractional contribution to the output variance due to the uncertainties in inputs. This
can be calculated using an ANOVA-like decomposition formula for
the total output variance V(Y) of the output Y [30,31] as


i

Vi +


i

j>i

Vij + · · · + V12···p

Vi = V (E(Y
 |Xi = xi ))

Vij = V E(Y |Xi = xi , Xj = xj ) − V (E(Y |Xi = xi )) − V (E(Y |Xj = xj ))
(16)
and so on, where E(Y | Xi = xi ) denotes the expectation of Y conditional on Xi having a ﬁxed value xi , and V stands for variance over
all the possible values of xi .
For dynamic systems, we can take an analogous approach where
we separate the disturbance entering the system in Eq. (12) after
time 0, say [at+b , at+b−1 , · · · , a1 ], into two groups: x1 = [at+b , · · · ,
at+1 ] and x2 = [at , at−1 , · · · , a1 ]. The ﬁrst group includes all the disturbances entering the system after time t and the second group
includes all the disturbances entering the system up to and including time t and including time t starting from the initial time t = 0.
To decompose the variance of the nonlinear process using the
ANOVA-like decomposition method in Eq. (15), we use the following assumptions:
• Eq. (12) can be computed subject to the initial condition, I0 , to
give yt+b−i , i = 1, 2, . . ., t + b − 1 for any choice of at+b , at+b−1 , . . ., a1 .
• The initial condition I0 is a random vector with probability density
function P(I0 ) uncorrelated and independent from subsequent
disturbances entering the system.
We are interested in determining the sensitivity of output yt+b
in Eq. (12) to variations of two vector series x1 and x2 . Since the
future behavior of yt+b is dependent on initial conditions due to the
nonlinearity, we cannot use the ANOVA-like decomposition in Eqs.
(15) and (16) directly since the initial condition must be considered
within the variance decomposition. Instead using the well-known
variance decomposition theorem [32], we can decompose the variance of yt+b into two terms
V [yt+b ] = EI0 [Vx [yt+b |I0 ]] + VI0 [Ex [yt+b |I0 ]]

(15)

(17)

where x = [x1 , x2 ] denotes all of disturbances entering the system
from time 1 to time t, EI0 [·] denotes the expectation of [ · ] with
respect to I0 and VI0 [·] denotes the variance of [ · ] with respect
to I0 . Given that Eq. (17) is the sum of positive numbers, it follows that V [yt+b ] ≥ EI0 [Vx [yt+b |I0 ]]. The special situation where
V [yt+b ] = EI0 [Vx [yt+b |I0 ]], will be discussed in the following paragraphs.
The ﬁrst term in Eq. (17) is the fractional contribution to the
variance of y from the disturbance signal and the interaction
between disturbance and the initial condition. The second term is
the fractional contribution to the output solely due to the uncertainties in the initial condition. The conditional variance given initial
condition I0 , Vx [yt+b | I0 ], can be decomposed directly using the
ANOVA-like decomposition method as:
Vx |I0 = Vx [yt+b |I0 ] = V1 |I0 + V2 |I0 + V12 |I0

(18)

where
V1 |I0 = Vx1 [Ex2 [yt+b |(x1 , I0 )]]
V2 |I0 = Vx2 [Ex1 [yt+b |(x2 , I0 )]]
V12 |I0 = Vx [Ex [yt+b |(x, I0 )]] − V1 |I0 − V2 |I0

3.3. ANOVA-based performance indices

V (Y ) =

1237

(19)

The variance decomposition with consideration of the initial condition can be obtained by simply calculating the expectation of
the conditional variance decomposition in Eq. (18) with respect to
the initial condition I0 . This procedure is not necessary if the initial condition has (can be approximately assumed to have) a linear
relationship with the output Yt . The variance decomposition can be
calculated with the results of the conditional variance decomposition in Eq. (18) based on the mean values of initial condition. Further
information about this topic can be found in [33]. EI0 [V1 |I0 ] denotes
the main effect of x1 on the V[yt+b ] and EI0 [V12 |I0 ] is the interaction
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contributing to the V[yt+b ] that is not accounted for the main effects
of x1 and x2 . Consequently we propose a suitable performance index
as
t =

EI0 [V1 |I0 ]

(20)

V [yt+b ]

While this index is applicable for any nonlinearity, the index has
little worth for those processes that are strongly non-ergodic where
the second term in Eq. (17) dominates. However such cases are
more pathological than common in industry.
If the NARMA model is stationary, the distribution of lim t→∞ yt+b
reaches an equilibrium. For stationary linear time series, this limiting distribution is independent of initial condition but for a
stationary nonlinear model, the limiting distribution, and hence,
V[y], may depend on the initial condition. Therefore, the performance index in Eq. (20) will depend on the initial condition. If the
distribution of lim t→∞ yt+b does in fact not depend on the initial
conditions, the process is termed ergodic [29]. Sufﬁcient conditions
to determine the ergodicity of a nonlinear time series are given in
([29], p. 127). For an ergodic nonlinear time series, VI0 [Ex [Yt+b |I0 ]]
in Eq. (17) will be zero for t → ∞, the variance decomposition can
be expressed when t → ∞ as
V [yt+b ] = EI0 [V1 + V2 + V12 |I0 ] = V1 + V2 + V12

(21)

where
V1 = Vx1 [Ex2 [yt+b |x1 ]]
V2 = Vx2 [Ex1 [yt+b |x2 ]]
V12 = V [yt+b ] − V1 − V2

(22)

The performance index associated to the ergodic nonlinear system will be,
V1

lim t = lim

t→∞ V [yt+b ]

t→∞

(23)

We will approximate the inﬁnite limit in Eq. (23) by some suitably
large value, M .
However this performance index is not practical since the nonlinear system may not be ergodic or even stationary, and even if the
nonlinear time series is ergodic, the ergodicity is also very difﬁcult
to be determined. Finally calculating the approximation of t for
t → ∞, M , requires enormous computational cost. We suggest to
pick up several t , t = c1 , c2 , · · · , cm , cj  M, j = 1, · · · , m and to use
the average of i as the performance index,
=

1
m

m


t

(24)

t=ci ,i=1

Remarks.
• This new performance index deﬁned in Eq. (24) may depend on
the controller, initial condition and the length of time t.
• The partial variance EI [V1 |I0 ] is equal to the minimum variance
0
performance lower bound if the closed loop system is linear and
stationary.
• The partial variance EI [V1 |I0 ] is equal to the minimum variance
0
performance lower bound for some nonlinear systems such as
those discussed in [4].
• This performance index is strictly bounded in [0, 1]. If  reaches
1, it means that the variance of outputs is contributed mostly by
the x1 , so the system controller is close to the minimum variance
controller.
• If we build the performance index deﬁned in Section 3.1 for the
general NARMAX model, we will encounter two problems: (i) the
MVPLB may not exist; (ii) the MVPLB is very difﬁcult to estimate.
The new performance index in Eq. (24) provides the more reliable
solution.

We know that the variance of output yt+b , V[yt+b ], can be decomposed into two parts: EI0 [Vx |I0 ] and VI0 [Ex [Yt+b |I0 ]] (see Eq. (17)).
If the second term dominates the V[yt+b ], the performance index
in Eq. (24) will be meaningless. For this circumstance, we suggest
to use the variance decomposition in Eq. (18) directly to obtain a
performance index as,

˜t =

V1 |I0
Vx |I0

(25)

Unlike performance indices based on linear systems, this index is
only strictly applicable for a given initial condition. Consequently in
practice one may re-compute the index over a range of anticipated
initial conditions.
4. Computing the performance index
The practical computation of the performance index Eq. (25)
requires two steps. First one must estimate the closed loop model
deﬁned in Eq. (12), and then use a Monte Carlo strategy to approximate performance index.
For the ﬁrst identiﬁcation step, several strategies have been proposed such as orthogonal least squares (OLS) methods [34] and
fast orthogonal search (FOS) methods [35,36], and approximations
based on Artiﬁcial Neural Network (ANN) models are discussed in
[37,38].
Since the disturbance term in Eq. (12) is generally unmeasured,
the identiﬁcation will require an iterative approach. The identiﬁcation procedures will be: (i) set the initial sequence at by ﬁtting a
linear model or setting the at to zero, (ii) identify the NARMA model,
(iii) replace the initial sequence at by the prediction errors or residuals, (vi) repeat the steps (ii) and (iii) until a certain identiﬁcation
criteria is achieved.
One suitable criteria is Akaike’s Information Criterion AIC(s)
[34],
AIC() = K ln ˆ 2 + N

(26)

where N is the number of the model parameters, K is the number
of outputs and ˆ 2 is the residual error. The tuning parameter  is
a positive value chosen to provide a penalty for model complexity
and using statistical arguments, a value of  = 4 is recommended in
[34,39].
4.1. Estimating the performance index
Once the parameters of the closed loop are estimated, we may
try to obtain analytical solutions using the methods proposed in
Section 3.2. However a more practical way is to use a Monte Carlo
(MC) method which while computationally demanding due to the
potentially high dimensionality [40], can be offset somewhat by
employing alternative strategies such as the Fourier Amplitude
Sensitivity Test (FAST) [41,42] and Sobol’s method [43,44].
For a model of the form given by Eq. (12), the MC estimates of
the mean and variance of yt+b given the initial condition I0 can be
calculated by,
1
(k)
(k)
ȳˆ t+b |I0 
f4 (x1 , x2 )|I0
N
N

(27)

k=1
2
2
1
(f4 (x(k) )|I0 ) − (ȳˆ t+b |I0 )
N
N

V̂x |I0 

(28)

k=1
(k)

(k)

where x(k) = (x1 , x2 ) is a set of N simulations of multidimensional
inputs that have the requisite distribution. The partial variance
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Fig. 2. A Wiener model structure in closed loop.
Fig. 1. The Hammerstein–Wiener model structure used in this paper.

[50,4]. The series xt+b can be written as:
V1 | I0 can be estimated as [30,45],
V̂1 |I0 =

2
1
(k)
(k)
(k)
(k)
f4 (x1 , x2 )f4 (x1 , x2 ) − (ȳˆ t+b |I0 )
N

(29)

= xt+b|t + xss + et+b|t

k=1
(k)

B(q−1 )
B(q−1 )
N1 (ut ) + xss + dt =
N1 (ut )+dt+b|t + xss + et+b|t
−1
A(q )
A(q−1 )

xt+b =

N

(k)

x2 is independent of the set of x2 . Hence Eq. (29) means that
for computing V1 | I0 we multiply values of f4 corresponding to a
(k)
(k)
(k)
(k)
set (x1 , x2 ) by values of f4 from a different set (x1 , x2 ) which
(k)

(34)

xss

where
is a constant steady-state value (if there is no offset and
disturbance, N2 (xss ) = ysp ), dt+b|t is the b-step ahead prediction in
form of,
dt+b|t =

Pb (q−1 )

includes the same partial set (x1 ). To calculating the V̂1 |I0 with
the different initial conditions, the average of these values can be
used as the estimates of EI0 [V1 |I0 ] in Eq. (20). The other two partial
variances: EI0 [V2 |I0 ] and EI0 [V12 |I0 ] can be computed in the same
manner.

et+b|t = (1 +

5. Simulation experiments

Pb (q−1 ) is a polynomial in the backshift operator obtained by solving
the Diophantine equation:

The purpose of this section is to demonstrate the proposed
method to estimate the new performance index for the nonlinear systems. We will select one class of block-oriented nonlinear
models, Hammerstein–Wiener models (shown in Fig. 1) as the simulation examples. Nonlinear block-oriented models consist of the
interconnection of a linear time invariant (LTI) systems with static,
or memoryless, nonlinearities. This class includes Hammerstein
models, Wiener models and combinations of the two [18,22]. Such
block-oriented nonlinear descriptions are very useful modelling
input/output nonlinearities and have been implemented many
industrial processes (i.e. [46–49]). In the ﬁrst example, a special
case of the HW model, a Wiener model, is used to test the proposed
approach. In the second example, a HW model will be used.

yt = N2 (xt )

(30)

xt = wt + dt

(31)

vt = N1 (ut )

(35)

and et+b|t is the b-step ahead prediction error as,

(q−1 )
(q−1 )∇

h

−1
1q

=1+

+ ··· +

−1
1q

−(b+1)
)at+b
b−1 q

+ ··· +

−b+1
b−1 q

(36)

+ q−b



Pb (q−1 )
(q−1 )∇ h



(37)



remainder

From Eq. (34), we can ﬁnd that the b-step prediction error, et+b|t , is
the control invariant. The control signal which results in the minimum achievable variance in the xt can be obtained by solving the
following relation:
B(q−1 )
N1 (ut ) + dt+b|t = 0
A(q−1 )

(38)

Therefore, xt under minimum variance control, xMV , will depend on
only the most recent b past disturbances,
(39)

The process output under this MVC is

The main reason to select the HW model is that we can obtain
a theoretical performance index as the basis which can be used to
evaluate the proposed new performance index.
We assume the plant can be adequately modelled by a
Hammerstein–Wiener model (shown in Fig. 1) as,

B(q−1 ) −b
q vt
A(q−1 )

at

xMV = xss + et+b|t

5.1. One theoretical performance index

wt =

(q−1 )∇ h

(32)
(33)

where A(q−1 ) and B(q−1 ) are polynomials in the backshift operator
q−1 , and b is the time delay of the system. The signals ut and yt are
the process input and output, respectively, and the internal signals
vt , wt and xt are assumed nonmeasurable. The functions N1 and N2
represents the static nonlinearities for input and output, respectively. The disturbance dt is modelled as the same ARIMA model
deﬁned in Eq. (5).
The derivation of the minimum variance controller with respective to xt for a process described by Eqs. (30)–(33) is straightforward

y♦ = N2 (xMV )

(40)

Associating this y♦ , the theoretical performance index is deﬁned as,
♦ =

y2♦
y2

(41)

5.2. A Wiener model
A pH neutralization system modelled as a Wiener process shown
in Fig. 2 from [46] is adopted as a simulation test. The linear plant
is
B(q−1 )
0.0049 − 0.0094q−1 + 0.0045q−2
=
A(q−1 )
1 − 2.9160q−1 + 2.8339q−2 − 0.9179q−3

(42)

with time delay b = 3 controlled using a PI feedback controller
Gc =

0.1 − 0.5q−1
1 − q−1

(43)

This plant is subjected to an additive disturbance of
dt =

at
1 − 0.8q−1

(44)
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Fig. 3. Comparative box plots of the quality estimates of the performance index for a Wiener model. The horizontal dashed line is the theoretical performance index of
0.1404.

choices. The choice of nonlinearity estimators is very often arbitrary
and needs several trials before getting a satisfactory result. Readers
are referred to [51] or the help manual for implementation details.
Since the time t may affect the results of performance index
in Eq. (20), we select 5 time lengths of 25, 50, 75, 100 and 125.
Using the Monte Carlo method in Section 4.1, the estimates of the
performance index in Eq. (20) are plotted in Fig. 3 where we also

where at is a sequence of independent and identically distributed
Gaussian random variables with zero mean and nominal variance
a2 = 0.01. The static nonlinearity N2 is plotted in the right-hand
corner of Fig. 3.
We use the program nlarx from the System Identiﬁcation Toolbox to estimate the NARMA model. In this function, the dynamic
structure and the nonlinearity estimators are the two main design
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Fig. 4. Comparative box plots of the quality estimates of the performance index for a HW model.
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compare the performance index estimated using linear CPA techniques. The theoretical performance index which is used as the
basis is  = 0.1404.
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solution. For some speciﬁc nonlinear systems, we may need more
information instead of only output data and plant delay.
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In this section, a HW model with linear dynamics
q−3 (1 − 0.5q−1 )
q−b B(q−1 )
=
−1
A(q )
1 − 1.5q−1 + 0.7q−2

(45)
References

under a feedback control with a PI controller,
Gc =

0.05 − 0.02q−1
1 − q−1

(46)
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